A non-traditional proof of the Gregory-Leibniz series, based on the relationships among the zeta function, Bernoulli coefficients, and the Laurent expansion of the cotangent is given. New series for calculating π are obtained.
Introduction
There are infinitely many primes in each of the four arithmetic progressions 4n ± 1 and 6n ± 1 [Dav] . Every twin prime pair (p, p + 2), excluding (3, 5) , is of the form Alternatively, the products of every twin prime pair, excluding (3, 5), appear as denominators in the form:
Whether or not there are infinitely many twin prime pairs in the Gregory-Leibniz series remains unknown.
In this note, the value of the generalized infinite series
is obtained using relationships among the zeta function ζ(2m), the Bernoulli coefficients, B(2m), and the Laurent expansion of cot(x) [AS, BS] . A proof of the Gregory-Leibniz 2 series (1.1) is given, and series for π that involve √2, √3, and the sums S 6 , S 12 , S 24 , and S 48 are found.
Theorems
Theorem 2.1
The infinite sum
Proof.
Let
Factoring out 1/(k•n) 2 , and expanding
The zeta function ζ(2m) relates the sum of terms 1/N 2m to the Bernoulli coefficients, B 2m
[AS]
We can therefore write
The Laurent series for cot(x), written in terms of the Bernoulli coefficients B 2m , is [AS] cot(x) = (1/x) -for 0 < x < π (2.5) (including the remainder after n-terms), letting n → ∞, and equating the result to arctan(x). In such an approach, it is necessary to prove that the method is valid when x = 1 in order to use arctan(1) = π/4.
Series for π
From (2.7), we obtain 
